A tetra-dodecahedron is the hypergraph D = (X, E), uniform of rank 4, having 8 vertices and 4 edges, such that:
Introduction
A G-design, or also a G-system, of index λ, for a given graph G = (V, S) with n vertices, is a pair Σ = (X, B), where X is a finite set of v elements, v ≥ n, called vertices, and B is a collection of edge disjoint graphs all isomorphic to G which partitions the edge set of the complete graph λK v , the complete graph with vertex set X, where every pair of vertices is joined by λ edges. A 3-cycle is often called a textittriple and it is indicated by C 3 , so a C 3 -design is also called a Steiner triple system STS.
If H
(3 is an uniform hypergraph of rank 3, an H (3) -design, or also an H (3) -system of index λ is a pair Σ = (X, B), where X is a finite set of v elements, called vertices, and B is a collection of edge disjoint hypergraphs all isomorphic to H (3) which partitions the edge set of the complete hypergraph λK (3) v , the complete uniform hypergraph of rank 3, with vertex set X, where every triple of vertices is joined by λ edges. For
4 , a K
4 -design is a Steiner quadruple system SQS.
A tetra-dodecahedron is the hypergraph D = (X, E), uniform of rank 3, having 8 vertices and 16 edges, such that: X = {x 1 , x 2 , ..., x 8 }, E = {E 1 , E 2 , ..., E 16 }, where
Such an hypergraph will be indicated by [(1, 2, 3, 4), 8, 7, 6, 5] .
A tetra-dodecahedron system of order v and index ρ [T DS] is a pair Σ = (X, H), where X is a finite set of v vertices and H is a collection of edge disjoint tetra-dodecagons (called blocks) which partitions the edge set of ρK (4) v , the complete hypergraph of order v, uniform of rank 4, defined in X. A tetradodecahedron system of order v is said to be perfect [P T DS] if the collection of the inside K 4 contained in every block of Σ form a Steiner quadruple systems [SQS] of order v and index µ. These concepts generalize similar definitions given for hexagon triple systems in [12] , [17] . Analogous problems can be found in [1 − 9] and [13 − 15] .
It is well-known that the spectrum of SQS was determined by H.Hanani in [11] : In this paper, we determine the spectrum of perfect tetra-dodecagon systems. To found this result we use Lucia Gionfriddo's construction for perfect hexagon triple systems [1] .
Necessary existence conditions for T DS
In this section we prove some necessary existence conditions for for T DSs. Proof. Let Σ = (X, B) be a T DS of order v and index one.
(1) -The number of blocks can be obtained considering that the number of all the possible triples of distinct vertices contained in X is v(v − 1)(v − 2)/6 and that in any block there are exactly 16 of these triples.
(2) -Observe that in every block there are 8 vertices. Four of them belong to the outside quadruples and are contained in 3 triples, the other four belong to the inside quadruples and are contained in 9 triples. Therefore, for every vertex x ∈ X, since the number of triples of X containing x is (v − 1)(v − 2)/2, the number of blocks containing x must be a multiple of 3.
(3) -Since any vertex x ∈ X is contained in (v − 1)(v − 2)/2 triples of elements of X, from (2) it follows that necessarily it is v ≡ 1 mod 3 or v ≡ 2 mod 3. Open Problem: Determine the spectrum of T DSs.
Necessary existence conditions for P T DS
In this section we prove some necessary existence conditions for for T DSs. Proof. Let Σ = (X, B) be a T DS of order v and index λ, verifying the condition that inside quadruples form an SQS Σ = (X, B ) of order v and index µ. Necessarily: |B| = |B |. Therefore:
Hence: λ = 4µ. 2
The previous Theorem establishes that in any perfect T DS Σ there is a precise relation between the index λ of Σ and the index µ of the inside SQS Σ . Therefore, since two precise distinct indices are defined in Σ, we will say that any perfect T DS has two indices and we will indicate them by (λ, µ).
The spectrum of P T DSs
Now, we determine all the possible integer v for which there exist perfect T DSs. For every block B i = {x, y, x, t} ∈ B, i = 1, 2, ..., v(v − 1)(v − 2)/24, consider the blocks C i,1 , C i,2 , C i,3 , C i,4 ∈ C such that:
Consider that, for every triple T ⊆ X there exists exactly one block C ∈ C containing T .
Since B ∩ C = ∅, it follows that: |{x , y , z , t }| = 4, {x , y , z , t } ∩ {x , y , z , t } = ∅, and C i,1 , C i,2 , C i,3 , C i,4 are four distinct blocks of Σ 2 .
It is immediate to see that the blocks C i,1 , C i,2 , C i,3 , C i,4 ∈ C form a tetradodecahedron, having the block B inside.
If for every block B ∈ B we apply the above procedure, we construct a perfect tetra-dodecahedron system of order v, where the blocks B of Σ 1 occupy the inside positions and the blocks of Σ 1 occupy the outside positions. We can see that B ∩ C = ∅.
Consider the block B 1 = {1, 2, 3, 4} ∈ B. It contains the triples:
In C there are exactly four distinct blocks C 1 , C 2 , C 3 , C 4 containing respectively T 1,1 , T 1,2 , T 1,3 , T 1,4 . They are:
We can see that it is possible to define the tetra-dodecahedron having B 1 as inside quadruple and C 1 , C 2 , C 3 , C 4 as outside quadruples.
Consider the block B 2 = {5, 6, 7, 8} ∈ B. It contains the triples:
T 2,1 = {6, 7, 8}, T 2,2 = {5, 7, 8}, T 2,3 = {5, 6, 8}, T 2,4 = {2, 6, 7}. By this technique, following with all the blocks of Σ 1 , we can construct a perfect T DS of order v = 8.
